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Fields of Moduli of Hyperelliptic Curves
Bonnie Huggins
Abstract
Let F be an algebraically closed field with char(F ) 6= 2, let F/K
be a Galois extension, and let X be a hyperelliptic curve defined over
F . Let ι be the hyperelliptic involution of X. We show that X can
be defined over its field of moduli relative to the extension F/K if
Aut(X)/〈ι〉 is not cyclic. We construct explicit examples of hyperel-
liptic curves not definable over their field of moduli when Aut(X)/〈ι〉
is cyclic.
1 Introduction
Let X be a curve of genus g defined over a field F , let F/L be a Galois
extension, and let K be the field of moduli relative the the extension F/L.
(See Section 2 for the definition of “field of moduli”.) It is well known that if
g is 0 or 1 then X admits a model defined over K. It is also well known that
if the group of automorphism of X is trivial then X can be defined over K;
for example, see Example 1.7 in [6]. However, if g ≥ 2 and |Aut(X)| > 1,
the curve X may not be definable over its field of moduli.
We examine the case where X is hyperelliptic and F is an algebraically
closed field of characteristic not equal to 2. In this case Aut(X) is always non-
trivial since it contains the hyperelliptic involution ι. Examples of hyperellip-
tic curves not definable over their field of moduli are given on page 177 in [8].
In [5] it is shown that X can be defined over K if g = 2 and |Aut(X)| > 2.
In Theorem 4.2 and Corollary 4.4 of [7] it is shown that X is definable over
K if char(F ) = 0, g ≥ 2, and Aut(X)/〈ι〉 has at least two involutions. In
Section 1 of [7] it is conjectured that X is definable over K if char(F ) = 0
and |Aut(X)| > 2. In this paper, we refute this conjecture and show that X
can be defined over K if Aut(X)/〈ι〉 is not a cyclic group.
2 Fields of Moduli
Let K be a field, let F/K be a Galois extension and let X be a hyper-
elliptic curve defined over F . Let σ ∈ Gal(F/K). The curve σX is the base
1
extension X ×
SpecF
SpecF of X by the morphism SpecF
Specσ
−−−→ SpecF . The
field of moduli relative to the extension F/K is defined as the fixed field FH
of
H := {σ ∈ Gal(F/K) | X ∼= σX over F}.
A subfield E of F is a field of definition for X if there exists a curve XE
defined over E such that X ∼= XE ×
SpecE
SpecF .
Proposition 2.1. Let Km be the field of moduli of X. Then the subgroup H
is a closed subgroup of Gal(F/K) for the Krull topology. That is,
H = Gal(F/Km).
The field of Km is contained in each field of definition between K and F (in
particular, Km is a finite extension of K). Hence if the field of moduli is
a field of definition, it is the smallest field of definition between F and K.
Finally, the field of moduli of X relative to the extension F/Km is Km.
Proof. See Proposition 2.1 in [4].
3 Finite Subgroups of 2-Dimensional Projective
General Linear Groups
Throughout this section let K be an algebraically closed field of charac-
teristic p with p = 0 or p > 2. In the following two lemmas we identify a
matrix in GL2(K) with its image in PGL2(K).
Lemma 3.1. Any finite subgroup G of PGL2(K) is conjugate to one of the
following groups:
Case I: when p = 0 or |G| is relatively prime to p.
(a) GCn =
{( ζr 0
0 1
)
: r = 0, 1, . . . , n− 1
}
∼= Cn, n ≥ 1
(b) GD2n =
{(
ζr 0
0 1
)
,
(
0 ζr
1 0
)
: r = 0, 1, . . . , n−1
}
∼= D2n, n > 2
(c) GV4 =
{(
±1 0
0 1
)
,
(
0 ±1
1 0
)}
∼= V4 := Z/2Z× Z/2Z
(d) GA4 =
{(
±1 0
0 1
)
,
(
0 ±1
1 0
)
,
(
iν iν
1 −1
)
,
(
iν −iν
1 1
)
,
(
1 iν
1 −iν
)
,
(
−1 −iν
1 −iν
)
: ν = 1, 3
}
∼= A4
2
(e) GS4 =
{( iν 0
0 1
)
,
(
0 iν
1 0
)
,
(
iν −iν+ν
′
1 iν
′
)
: ν, ν ′ = 0, 1, 2, 3
}
∼= S4
(f) GA5 =
{(
ǫr 0
0 1
)
,
(
0 ǫr
−1 0
)
,
(
ǫrω ǫr−s
1 −ǫ−sω
)
,
(
ǫrω ǫr−s
1 −ǫ−sω
)
:
r, s = 0, 1, 2, 3, 4
}
∼= A5
where ω = −1+
√
5
2
, ω = −1−
√
5
2
, ζ is a primitive nth root of unity, ǫ is a
primitive 5th root of unity, and i is a primitive 4th root of unity.
Case II: when |G| is divisible by p.
(g) Gβ,A =
{(
βk a
0 1
)
: a ∈ A, k ∈ Z
}
, where A is a finite additive
subgroup of K containing 1 and β is a root of unity such that
βA = A
(h) PSL2(Fpr)
(i) PGL2(Fpr)
where Fpr is the finite field with p
r elements.
Proof. See §§55-58 in [10] and Chapter 3 in [9].
Lemma 3.2. Let N(G) be the normalizer of G in PGL2(K). Then
(a) N(GCn) =
{(
α 0
0 1
)
,
(
0 α
1 0
)
: α ∈ K
∗}
if n > 1,
(b) N(GD2n) = GD4n if n > 2,
(c) N(GV4) = GS4,
(d) N(GA4) = GS4,
(e) N(GS4) = GS4,
(f) N(GA5) = GA5,
(h) N(PSL2(Fpr)) = PGL2(Fpr), and
(i) N(PGL2(Fpr)) = PGL2(Fpr).
Proof.
(a) See §55 in [10].
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(b) See §55 in [10].
(c) Since GV4 is a normal subgroup of GS4 , GS4 ⊆ N(GV4). Conjugation
of GV4 by GS4 gives a homomorphism GS4 → Aut(V4)
∼= S3. A com-
putation shows that the centralizer Z of GV4 in PGL2(K) is GV4 . The
kernel of this homomorphism is Z ∩GS4 = Z. Since GS4/Z
∼= S3, every
automorphism of GV4 is given by conjugation by an element of GS4.
Let U ∈ N(GV4). Then UV ∈ Z = GV4 for some V ∈ GS4 , so U ∈ GS4.
(d) Since GV4 is a characteristic subgroup of GA4, N(GA4) ⊆ N(GV4)= GS4.
As GA4 is normal in GS4 , we get N(GA4) = GS4 .
(e) Since GA4 is a characteristic subgroup of GS4 , N(GS4) ⊆ N(GA4)= GS4.
Thus N(GS4) = GS4.
(f) Conjugation of GA5 by N(GA5) gives a homomorphism N(GA5) →
Aut(A5). The kernel of this homomorphism is the centralizer of GA5
in N(GA5), which is just the centralizer Z of GA5 in PGL2(K). A
computation shows that Z is just the identity. Since Aut(A5) is finite,
N(GA5) is a finite subgroup of PGL2(K). Since GA5 ⊆ N(GA5), by
Lemma 3.1 we must have N(GA5) = GA5 .
(h) We first show that N(PSL2(Fpr)) is finite. Conjugation of PSL2(Fpr) by
N(PSL2(Fpr)) gives a homomorphismN(PSL2(Fpr))→ Aut(PSL2(Fpr)).
The kernel of this homomorphism is the centralizer Z of PSL2(Fpr) in
PGL2(K). A computation shows that Z is just the identity. Since
Aut(PSL2(Fpr)) is finite, so is N(PSL2(Fpr)). By Lemma 3.1 any fi-
nite subgroup of PGL2(K) containing PSL2(Fpr) must be isomorphic
to either PGL2(Fq)) or PSL2(Fq) for some q. Since SL2(Fpr) is nor-
mal in GL2(Fpr), PSL2(Fpr) is a normal subgroup of PGL2(Fpr). So
PGL2(Fpr) ⊆ N(PSL2(Fpr)), in particular PSL2(Fpr) is strictly con-
tained in N(PSL2(Fpr)). By the corollary on page 80 of [9], PSL2(Fq)
is simple for q > 3. It follows that N(PSL2(Fpr)) 6= PSL2(Fq) for
q ≥ 3. By Theorem 9.9 on page 78 of [9], the only nontrivial normal
subgroup of PGL2(Fq) is PSL2(Fq) if q > 3. Therefore N(PSL2(Fpr)) =
PGL2(Fpr).
(i) Clear from the proof of the previous case.
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4 Isomorphisms of Hyperelliptic Curves
Throughout this section let K be a perfect field of characteristic p with
p = 0 or p > 2 and let X be a hyperelliptic curve defined over an algebraic
closure K of K with K as its field of moduli. In particular, X admits a
degree-2 morphism to P1 and the genus of X is at least 2. Each element
of Aut(X) induces an automorphism of P1 fixing the branch points. The
number of branch points is ≥ 3 (in fact ≥ 6), so Aut(X) is finite. We get
a homomorphism Aut(X) → Aut(P1) = PGL2(K) with kernel generated
by the hyperelliptic involution ι. Let G ⊂ PGL2(K) be the image of this
homomorphism. Replacing the original map X → P1 by its composition with
an automorphism g ∈ Aut(P1) = PGL2(K) has the effect of changing G to
gGg−1, so we may assume that G is one of the groups listed in Lemma 3.1.
Fix an equation y2 = f(x) for X where f ∈ K[x] and disc(f) 6= 0. So the
function field K(X) equals K(x, y).
Proposition 4.1. Let X be as above and let X ′ be a hyperelliptic curve
defined over K given by y2 = f ′(x), where f ′(x) is another squarefree poly-
nomial in K[x]. Every isomorphism ϕ : X → X ′ is given by an expression of
the form:
(x, y) 7→
(
ax+ b
cx+ d
,
ey
(cx+ d)g+1
)
,
for some M =
(
a b
c d
)
∈ GL2(K) and e ∈ K
∗
. The pair (M, e) is unique
up to replacement by (λM, eλg+1) for λ ∈ K
∗
. If ϕ′ : X ′ → X ′′ is another iso-
morphism, given by (M ′, e′), then the composition ϕ′ϕ is given by (M ′M, e′e).
Proof. See Proposition 2.1 in [1].
Let Γ = Gal(K/K) and let σ ∈ Γ. Then σX is the smooth projective
model of y2 = fσ(x), where fσ(x) is the polynomial obtained from f(x) by
applying σ to the coefficients.
Lemma 4.2. Following the notation used above, let σ ∈ Γ and suppose that
ϕ : X → σX is given by (M, e). Let M be the image of M in PGL2(K). If
G 6= Gβ,A then M is in the normalizer N(G) of G in PGL2(K). If G = Gβ,A
then M is an upper triangular matrix.
Proof. Since Aut(σX) = {ψσ | ψ ∈ Aut(X)}, the group of automorphisms of
P1 induced by Aut(σX) is Gσ := {Uσ | U ∈ G}.
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Let ψ be an automorphism of X given by (V, v). Since ψ is an automor-
phism, V ∈ GL2(K) is a lift of some element V ∈ G. Then ϕψϕ
−1 is an auto-
morphism of σX given by (MVM−1, v). We haveMVM−1=M V M
−1
∈ Gσ.
It follows that MGM
−1
= Gσ. If G 6= Gβ,A, by Lemma 3.1, G
σ = G. So
M ∈ N(G). If G = Gβ,A, then since G
σ has an elementary abelian subgroup
of the same form as G, a simple computation shows that M is an upper
triangular matrix.
Lemma 4.3. Following the above notation, suppose that for every τ ∈ Γ
there exists an isomorphism ϕτ : X →
τX given by (Mτ , e) where M τ ∈ G
τ .
Then X can be defined over K.
Proof. Let P1, . . . , Pn be the hyperelliptic branch points of X → P
1. Let
τ ∈ Γ. The isomorphism ϕτ : X →
τX induces an isomorphism on the canon-
ical images P1 → P1 which is given by M τ . Then M τ sends {P1, . . . , Pn} to
{τ(P1), . . . , τ(Pn)}. Since M τ ∈ G
τ it merely permutes the set {P1, . . . , Pn}.
Since τ is arbitrary we have
∏
Pi 6=∞
(x− Pi) ∈ K[x].
It follows that X can be defined over K.
Corollary 4.4. Suppose that N(G) = G and G 6= Gβ,A. Then X can be
defined over K.
Proof. By Lemma 3.1, Gσ = G for all σ ∈ Γ. Let τ ∈ Γ. By Lemma 4.2, any
isomorphism X → τX is given by (M, e) where M ∈ N(G) = G = Gτ .
5 The Main Result
The following two results of De`bes and Emsalem will be used in the proof
of our main result. They rely on the notions of a cover and the field of moduli
of a cover, for which we refer the reader to § 2.4 in [3].
Theorem 5.1. Let F/K be a Galois extension and X be a hyperelliptic curve
defined over F with K as field of moduli. Let B = X/Aut(X). Then there
exists a model BK of the curve B = X/Aut(X) defined over K such that the
cover X → B with K-base BK is of field of moduli K.
Proof. See Theorem 3.1 in [4]. The authors make the additional assumption
that char(K) does not divide |Aut(X)| but do not use it in their proof.
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Corollary 5.2. Suppose that F is algebraically closed. If BK has a K-
rational point, then K is a field of definition of X.
Proof. It suffices to show that the cover X → B with K-base BK can be
defined over K, since a field of definition of the cover is automatically a field
of definition of X . By Theorem 5.1, the field of moduli of the cover X → B
with K-base BK is K. If K is a finite field then Gal(F/K) is a projective
profinite group. In this case, by Corollary 3.3 of [3] the cover X → B can
be defined over K. If K is not a finite field then since BK ∼=K P
1
K , BK has a
rational point off the branch point set of X → BK × F . Then by Corollary
3.4 and § 2.9 of [3], the cover can be defined over K.
The curve BK is called the canonical model of X/Aut(X) over the field
of moduli of X . Let Γ =Gal(F/K). In the proof of Theorem 5.1, De`bes and
Emsalem show the canonical model exists by using the following argument.
For all σ ∈ Γ there exists an isomorphism ϕσ : X →
σX defined over F .
Each induces an isomorphism ϕ˜σ : X/Aut(X) →
σX/Aut(σX) that makes
the following diagram commute:
X
ϕσ
−−−→ σX
ρ
y
yρσ
X/Aut(X) −−−→
ϕ˜σ
σX/Aut(σX)
Composing ϕ˜σ with the canonical isomorphism
iσ :
σX/Aut(σX)→ σ(X/Aut(X))
we obtain an isomorphism
ϕσ : X/Aut(X)→
σ(X/Aut(X)).
The family {ϕτ}τ∈Γ satisfy Weil’s cocycle condition ϕτ σ ϕσ = ϕστ given in
Theorem 1 of [11]. This shows that BK exists.
Let F (B) be the function field of B. Since B ∼= P1, F (B) = F (t) for
some element t. We use t as a coordinate on B. Suppose that ϕσ is given by
t 7→
at+ b
ct+ d
.
Define σ∗ ∈ Aut(F (t)/K) by
σ∗(t) =
at+ b
ct+ d
, σ∗(α) = σ(α), α ∈ F.
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One can verify that (στ)∗(w) = σ∗(τ ∗(w)) for all w ∈ F (t). So we get a
homomorphism Γ → Aut(F (B)/K), σ 7→ σ∗. The curve BK is the variety
over K corresponding to the fixed field of Γ∗ = {σ∗}σ∈Γ.
The following lemma will be used in the proof of the main theorem.
Lemma 5.3. Let L/K be a field extension of odd degree. Let C be a curve
of genus 0 defined over K and suppose that C(L) 6= ∅. Then C(K) 6= ∅.
Proof. Let P ∈ C(L) and let n = [L : K]. Let τ1, . . . , τn be the distinct
embeddings of L into an algebraic closure of L. Then D = Στi(P ) is a
divisor of degree n defined over K. Let ω be a canonical divisor on C.
Since deg(ω) = −2, we can take a linear combination of D and ω to obtain a
divisor D′ of degree 1. Since deg(ω−D′) < 0, by the Riemann-Roch theorem
l(D′) > 0. So there exists an effective divisor D′′ linearly equivalent to D′
defined over K. Since D′′ is effective and of degree 1 it consists of a point in
C(K).
Theorem 5.4. Let K be a field of characteristic not equal to 2. Let X
be a hyperelliptic curve defined over K, an algebraic closure of K. Let
G =Aut(X)/〈ι〉 where ι is the hyperelliptic involution of X. Suppose that
G is not cyclic or that G is cyclic of order divisible by the characteristic of
K. Then X can be defined over its field of moduli relative to the extension
K/K.
Proof. Let Γ = Gal(K/K). By Proposition 2.1 we may assume that K is
the field of moduli of X . By Proposition 4.1 we may assume that G is given
by one of the groups in Lemma 3.1. Fix an equation y2 = f(x) for X where
f ∈ K[x] and disc(f) 6= 0. So the function field K(X) equals K(x, y). There
are eight cases.
(b) G ∼= D2n, n > 2. The function field of X/Aut(X) equals the subfield of
K(X) fixed by GD2n acting by fractional linear transformations. Then
t := xn + x−n is fixed by GD2n and is a rational function of degree 2n
in x, so the function field of X/Aut(X) equals K(t). Therefore we
use t as coordinate on X/Aut(X). The map ρ : X → X/Aut(X) is
given by (x, y) 7→ (xn + x−n). Let σ ∈ Γ. By Lemmas 4.2 and 3.2,
ϕσ : X →
σX is given by (M, e) where M ∈ D4n. Then the map
ρσϕσ : X →
σX/Aut(σX) is given by (x, y) 7→ ±(xn + x−n). So σ∗(t) =
±t. The curve BK corresponds to the fixed field of K(t) under Γ
∗.
Then t = 0 corresponds to a point P ∈ BK(K).
(c) G ∼= V4. The element t := x
2+x−2 is fixed by GV4 and is a rational func-
tion of degree 4 in x. So the function field of X/Aut(X) equals K(t).
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We use t as a coordinate on X/Aut(X). The map ρ : X → X/Aut(X)
is given by (x, y) 7→ (x2 + x−2). Let σ ∈ Γ. By Lemmas 4.2 and 3.2,
ϕσ : X →
σX is given by (M, e) where M ∈ GS4 . A computation shows
that σ∗(t) is one of the following:
i. t
ii. −t
iii. 2t+12
t−2
iv. 2t−12−t−2
v. 2t−12
t+2
vi. 2t+12−t+2 .
Since ϕτ : X/Aut(X)→
τ(X/Aut(X)) is defined over K for all τ ∈ Γ,
we have ϕτ ϕσ = ϕστ for all τ ∈ Γ. The fractional linear transforma-
tions i through vi form a group under composition isomorphic to S3.
The map τ 7→ τ ∗(t) defines a homomorphism from Γ to this group.
The kernel of this homomorphism is Λ := {τ ∈ Γ | τ ∗(t) = t}. So
|Γ/Λ| = 1, 2, 3, or 6.
Case 1: |Γ/Λ| = 1. In this case the fixed field of Γ∗ is K(t) and BK = P1K .
Case 2: |Γ/Λ| = 2. Let σ be a representative of the nontrivial coset. There
are three cases.
i. σ∗(t) = −t. Then t = 0 corresponds to a point P ∈ BK(K).
ii. σ∗(t) = 2t+12
t−2 . Then t = 6 corresponds to a point P ∈ BK(K).
iii. σ∗(t) = 2t−12−t−2 . Then t = −6 corresponds to a point P ∈ BK(K).
Case 3: |Γ/Λ| = 3. Since the fixed field of Λ∗ is K
Λ
(t), BK has a K
Λ
-
rational point. By Lemma 5.3, since [K
Λ
: K] is odd, BK has a
K-rational point.
Case 4: |Γ/Λ| = 6. Let Π be a subgroup of Γ containing Λ such that
Π/Λ is a subgroup of Γ/Λ of order 2. By Case 2, BK has a K
Π
rational point. Since [K
Π
: K] = 3 is odd, by Lemma 5.3, BK has
a K-rational point.
(d) G ∼= A4. The element t
′ := x2 + x−2 is fixed by the normal subgroup
GV4 . From (c), we see that the element
t :=
1
4
t′
(
2t′ − 12
t′ + 2
)(
2t′ + 12
−t′ + 2
)
=
x12 − 33x8 − 33x4 + 1
−x10 + 2x6 − x2
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is fixed by GA4 and is a rational function of degree 12 in x. So the
function field of X/Aut(X) equals K(t). We use t as coordinate on
X/Aut(X). The map ρ : X → X/Aut(X) is given by
(x, y) 7→ (x12 − 33x8 − 33x4 + 1)/(−x10 + 2x6 − x2).
Let σ ∈ Γ. By Lemmas 4.2 and 3.2, ϕσ : X →
σX is given by (M, e)
where M ∈ GS4. A computation shows that σ
∗(t) = ±t. Then t = 0
corresponds to a point P ∈ BK(K).
(e) G ∼= S4. By Lemma 3.2, N(G) = G. So by Corollary 4.4, X can be
defined over K.
(f) G ∼= A5. By Lemma 3.2, N(G) = G. So by Corollary 4.4, X can be
defined over K.
(g) G = Gβ,A. Let d be the order of β and let t = g(x) :=
∏
α∈A(x− α)
d.
Then t is a rational function of degree |G| fixed by Gβ,A acting by
fractional linear transformations. So the function field of X/Aut(X)
equals K(t). We use t as a coordinate function of X/Aut(X). Let
σ ∈ Γ. By Lemma 4.2, ϕσ : X →
σX is given by (M, e) where M is an
upper diagonal matrix. So σ∗(t) = gσ(ax + b) for some a 6= 0 and b.
Let P be the point of X/Aut(X) corresponding to x =∞. Then since
gσ(a∞+ b) = g(∞), P corresponds to a point in BK(K).
(h) G = PSL2(Fpr). Let q = p
r. It can be deduced from Theorem 6.21 on
page 409 of [9] that PSL2(Fq) is generated by the image in PGL2(K)
of the following matrices
{(
0 −1
1 0
)
,
(
1 a
0 1
)
: a ∈ Fpr
}
.
Let
g(x) =
((xq − x)q−1 + 1)
q+1
2
(xq − x)
q2−q
2
.
One can verify that g(−1
x
) = g(x) and g(x+ a) = g(x) for all a ∈ Fpr .
Since g is a rational function of x of degree q
3−q
2
= |PSL2(Fq)|, the
function field of X/Aut(X) is K(t) where t = g(x). We use t as a
coordinate function on X/Aut(X). The map ρ : X → X/Aut(X) is
given by
(x, y) 7→
((xq − x)q−1 + 1)
q+1
2
(xq − x)
q2−q
2
.
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Let σ ∈ Γ. By Lemmas 4.2 and 3.2, ϕσ : X →
σX is given by (M, e)
where M ∈ PGL2(Fq). A computation shows that σ
∗(t) = ±t. Then
t = 0 corresponds to a point P ∈ BK(K).
(i) G = PGL2(Fpr). By Lemma 3.2, N(G) = G. So by Corollary 4.4, X
can be defined over K.
Specific examples of hyperelliptic curves not definable over their field of
moduli are given on page 177 of [8]; these examples have |G| = 1. Adjusting
these examples, we now construct others with |G| > 5.
Let n > 5, let m be odd, and consider the polynomial f(x) ∈ C[x] given
by
f(x) = a0x
nm +
m∑
r=1
(arx
n(m+r) + (−1)racrx
n(m−r)),
with am = 1, a0 ∈ R
∗, and where zc is the complex conjugate of z for any
z ∈ C. Assume that for r = 1, . . . , m− 1 we have ar 6= (−1)
rβ−nracr for any
2mnth root of unity β and that f(x) is square free.
Lemma 5.5. Following the above notation, let X by the hyperelliptic curve
over C given by y2 = f(x). Let ι be the hyperelliptic involution of X and
let ν be the automorphism of X defined by ν(x, y) = (ζx, y), where ζ is a
primitive nth root of unity. Then Aut(X) = 〈ι〉 ⊕ 〈ν〉.
Proof. Let G = Aut(X)/〈ι〉. The image of ν in G under the quotient map
Aut(X) → G has order n. Since n > 5, by Lemma 3.1, G is either cyclic
or dihedral. In either case the image of ν in G generates a cyclic normal
subgroup of G.
Suppose that G is cyclic of order n′ > n. Since the only elements in
PGL2(C) that commute with the image of diagonal matrices are the images
of diagonal matrices, by Lemma 4.1 there exists an element u ∈ Aut(X)
defined by
u(x, y) = (ζ ′x, ey)
where e ∈ C∗ and ζ ′ is a primitive (n′)th root of unity. It follows that f(ζ ′x) is
a scalar multiple of f(x). This is a contradiction by our choice of coefficients
for f .
Suppose that G is dihedral. By Lemma 3.2 (a) and Lemma 4.1, there
exists an element v ∈ Aut(X) defined by
v(x, y) = (α/x, e′y/xmn)
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where e′, α ∈ C∗. It follows that x2mnf(α/x) is a scalar multiple of f(x).
Since
x2mnf(α/x) = αnm(a0x
nm +
m∑
r=1
((−1)rα−nracrx
n(m+r) + αrarx
n(m−r))
and a0 6= 0, we must have
x2mn
αnm
f(α/x) = f(x). Since am = 1, we must have
αmn = −1 and ar = (−1)
rα−nracr for r = 1, . . . , m−1. This is a contradiction.
Therefore G is cyclic of order n.
The function field of X is C(x, y) and the function field of X/Aut(X) is
C(xn). Since the places in C(xn) corresponding to xn = 0 and xn =∞ do not
ramify completely in C(x, y), by Theorem 5.1 of [2] we have Aut(X) = 〈ι〉 ⊕ 〈ν〉.
Proposition 5.6. Following the above notation, let X by the hyperelliptic
curve of genus g = mn−1 over C given by y2 = f(x). The field of moduli of
X relative to the extension C/R is R and is not a field of definition for X.
Proof. By Lemma 5.5, Aut(X) = 〈ι〉 ⊕ 〈ν〉 where ι is the hyperelliptic invo-
lution of X , and ν(x, y) = (ζx, y) where ζ is a primitive nth root of unity.
The map µ defined by
µ(x, y) = ((ωx)−1, ix−nmy),
where ωn = −1, is an isomorphism between the curve X and the complex
conjugate curve cX . Any isomorphism X → cX is given by µνk, or µινk for
some 0 ≤ k ≤ n− 1. We have µι = ιµ,
µν(x, y) = ((ωζx)−1, i(ζx)−nmy) = νcµ(x, y),
and
µcµ(x, y) = ((ω−1(ωx)−1)−1,−i(ωx)nm(ix−nmy)) = (ω2x,−y) = νlι(x, y)
for some l. Then
(µνk)cµνk = µcν−kµνk = µcµν2k = ιν2k+l 6= Id
and
(µινk)cµινk = µcιν−kµινk = µcµν2k = ιν2k+l 6= Id.
Therefore Weil’s cocycle condition from Theorem 1 of [11] does not hold. So
X cannot be defined over R.
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